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Abstract 

We study the relation of the middle convolution to the Aadic Fourier transformation in the 
etale context. Using Katz’ work and Laumon’s theory of local Fourier transformations we obtain 
a detailed description of the local monodromy and the determinant of Katz’ middle convolution 
functor MC X in the tame case. The theory of local e-constants then implies that the property 
of an etale sheaf of having an at most quadratic determinant is often preserved under MC X if \ 
is quadratic. 
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Introduction 

Consider the addition map n : Aj? x A? —>• Aj? for k either finite or algebraically closed. If K and 
L are objects in the derived category D^A^Qd then one may consider two kinds of convolutions, 
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exchanged by Verdier duality (cf. [14]): 

AT** L = Rit*{KML) and I< *\ L := Rir\(K IEI A). 

It is convenient to restrict the above construction to smaller subcategories of D^(A n , Q^). A natural 
candidate to work with is the abelian category of perverse sheaves Perv(A n , (Q>£) C D[](A n ,(Q)£) 
whose translates generate D^(A ra ,Q£) (cf. [1]). Under some restrictions (e.g., if n = 1 and if 
K is geometrically irreducible and not geometrically translation invariant, [14], Lem. 2.6.9) the 
above defined convolutions are again perverse and one can define the middle convolution of K and 
L € Perv(A n ,Q^) as 

A * m id L = Im (A *\ L — y K ** L ), 

cf. [14], Chap. 2.6. We want to remark that although in many cases the middle convolution can be 
expressed concretely in terms of sheaf cohomology, avoiding the language of perverse sheaves, the 
basic properties of the middle convolution, like associativity, can only be understood in the larger 
framework of D^A^Q^) and perverse sheaves. 

One reason why one is interested in the middle convolution is that K * m ;d L, being pure if the 
convolutants are pure, is often irreducible, while the convolutions K ** L and K L are usually 
mixed and hence not irreducible. A striking application of the concept of middle convolution is 
Katz’ existence algorithm for irreducible rigid local systems ([14], Chap. 6). 

The aim of this article is the determination of the behaviour of the Frobenius determinants 
under the middle convolution. The main difference to [14] is that, having our applications in mind, 
we are led to consider the interplay between the t-adic Fourier transform and the middle convolution 
over non-algebraically closed fields in positive characteristic, leading to an explicit description of 
the local monodromy and Frobenius determinants. We remark that many of our arguments are 
based on similar arguments by Katz, given in [14] and in [13], enriched by the theory of Gaufi and 
Jacobi sums. Our main results are: 

(i) Using Laumon’s theory of local Fourier transformation [16] and the principle of stationary 
phase ([16], [10]) we derive in Thm. 3.2.2 an explicit description of the local monodromy (the 
structure of Frobenius elements on the vanishing cycle spaces at the singularities) 

MC X (A) := A* mid j*J^[l], 

for K a tame middle extension sheaf and 2z? x a Kummer sheaf. 

(ii) Building on Laumons product formula expressing the epsilon constant in terms of local epsilon 
factors [16], we obain a formula for the derminant of M.C X (K) in the tame case (Cor. 4.2.3). 

(iii) From Thm. 3.2.2 and Cor. 4.2.3 we conclude in Thm. 4.2.4 that, under certain natural re¬ 
strictions, the property for a tame middle extension sheaf of having an at most quadratic 
determinant Tip to Tate-twist is preserved under middle convolution with quadratic Kummer 
sheaves. 

The main application of our methods, especially of Thm. 4.2.4, is given in a companion paper 
to this work, written jointly with Stefan Reiter [8]. There we prove the following: Let be the 
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finite field of order q = £ k , where £ is an odd prime number and k £ N. Then the special linear 
group SL„,(Fg) occurs regularly as Galois group over Q(t) if n > 2 ip(q — 1) + 4 and if q is odd. 

Another application of onr methods is that they allow to accompany the above mentioned 
algorithm of Katz for quasiunipotent rigid local systems with an algorithm which gives the Frobenins 
traces (at smooth points and at the nearby cycle spaces at the singularities) in each step. This 
enables the computation of the unramified local L-functions associated to the Galois representations 
associated to rigid local systems (cf. [7], [9], [17]). 

1 General notation and conventions 

1.1 General notation. If K is any field, then K denotes an algebraic closure of K. Let k be an 
either finite or algebraically closed perfect field of characteristic p > 0 and let £ be a prime £ p. 
In case that k is not algebraically closed, we fix an algebraic closure k of k. 

If A is a variety over k (meaning that A is separated of finite type over k ), then |A| denotes 
the set of closed points of X. For x € |A|, the residual field is denoted k(x) and the degree of k(x) 
over k is denoted by deg(x). The symbol x always denotes the geometric point extending x using 
the composition Spec ( k ) —Spec ( k ) —> X. If x is a point of X (not necessarily closed) then dirn(x) 
denotes the dimension of the closure of x. A Q^-sheaf always is by definition an etale constructible 
(Q^-sheaf on X and the associated derived category with bounded cohomology sheaves is denoted 
D(!(A, Qp). If x is a point of X (not necessarily closed) and if F is a Q^-sheaf on A, then F x denotes 
the restriction of F to x and F x denotes the stalk of F. viewed as a Gal(&(x)/fc(x))-module. 

By our assumptions on k, the category D£(A, Qfi) is triangulated and supports Grothendieck’s 
six operations, with internal tensor product (g> and Rhom, external product E3, and Verdier dual 
D : D^(A,Q^) opp —>• D^(A,Q^) ([6]). For S a regular scheme of dimension < 1 over k and for a 
morphism of finite type / : A —> Y of S'-schemes one has the usual functors 

Rf*,Rf\ : D^(A,Q £ ) D*(y,Q € ) and f\Rf' : D*(y,Q*) -> D*(A,<&) 

with D interchanging Rf * and Rf\ (resp. f* and Rf'). Often one writes /*,/i, and / ! instead 
of Rf*,Rf\ and Rf' (resp.). The category of smooth (lisse) (Q^-sheaves on A is denoted by 
Lisse(A, Qe). 

1.2 Remarks on perverse sheaves. Recall that D^(A, Q^) contains the abelian subcategory 
of perverse sheaves Perv(A, Qg) with respect to the autodual (middle) perversity ([1]). An object 
K £ D^(A, Q^j is perverse if and only if the following conditions hold for any point x € A ([1], (4.0)): 
if i denotes the inclusion of x into A then 

(1.1) j£f u ((i*K)x) = 0 for v > — dim(x) and JF u ((i'K) x ) = 0 for u < — dim(x). 

1.2.1 Remark. An object K £ D£(A, Qfi) is perverse if and only if K\ x ^ £ D^(A <g) k,Qfi) is 
perverse. (This is a tautology given v = D o i* o D and the compatibility of D with respect to base 
change to k, cf. [11], Prop. 1.1.7; [1], Prop. 5.1.2.) 

Let j : U A be an open immersion with complement i : Y —>• A. If K is a perverse sheaf 
on U then there is a unique extension ju.K £ Perv(A, Q^) of K to A which has neither subobjects 
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nor quotients of the form i*Perv(Y, Qf) ([1]). This extension is called the intermediate extension 
or middle extension. 

Let X be a smooth and geometrically connected curve over k, let j : U X be a dense open 
subscheme, and let F be a smooth sheaf on U. Then the shifted sheaf F[l] (concentrated at —1) 
is a perverse sheaf on U and the middle extension j\*F{ 1] is a perverse sheaf which coincides with 
(j*F)[ 1] ([15], Chap. III.5). A middle extension sheaf on X (X a smooth geometrically connected 
curve) is by definition a perverse sheaf of the form (j*F)[ 1] as above, cf. [14], Chap. 5.1. 

1.3 Further notions. ([16]) Let X denote a scheme of finite type over k = F 9 and let K £ 
Dc(X,Qg). Then, in the associated Grothendieck group K(X,Qf), one has an equality 

U.2) [*]=E<- 

j 

with constructible cohomology sheaves H J (K). Recall that for any closed point x £ \X\ and any 
constructible sheaf F on X, the stalk F x has a natural action of the geometric Frobenius element 
Froba, = Frobq Cg ^^^ fc \ leading to the well defined characteristic polynomial det(l — t ■ Frob x , F). 
One defines trace(Frob x , F), resp. det(Froba,, F), to be the coefficient of —t, resp. (— t) n (n = 
dim (F x )), in det.(l — t ■ Prob^F). Using (1.2) we obtain homomorphisms of groups 

det(l — t • Froba;, —) : K(X,Q e ) —»• Q((t) x 

trace(Frob x , —) : K(X, Q^) —> Q e 

det (Froba;, -) : K(X,Q e ) 

by additivity (cf. [16], Section 0.9). This notion extends to D^(A, Q^) by setting 

det(l — t ■ Froba;, K) = det(l — t desx ■ Froba;, [F]). 

Let A be a curve and let F be a smooth Q^-sheaf on a dense open subset j : U ^ X. If x £ \X\ 
then X {x) (resp. X( W \) denotes the Henselization of X with respect to x (resp. x) and r] x (resp. rj x ) 
denotes the generic point of Xm (resp. Xr x \), cf. [6]. One defines the generic rank r(F) = r(j*F) 
of F as rk(F rh: ) (x £ X) and extends this notion to I\ £ D^(A) by additivity, cf. [16], 2.2.1. 

1.4 Artin-Schreier and Kummer sheaves. Recall the construction of Artin-Schreier and 
Rummer sheaves: Let k be the finite held ¥ q and let G be a commutative connected algebraic 
group of hnite type over k. The Lang isogeny of G is the extension of G by G(k) 

1 ->• G(k) ->G4G->1 

where L{x) = x q ■ x _1 , where the group law is written multiplicatively and x q denotes the image 
of x under the arithmetic Frobenius element. Hence L exhibits G as a G(fc)-torsor over itself, the 
Lang torsor. To a character y : G(k) —>• one then associates a smooth rank-one sheaf ££ x on G 

by pushing out the Lang torsor by y _1 : G(k) —> (so that trace(Froba;, = x(tracej^(x))), 

cf. [4], (1-2)—(1.5). 

If G = then «Sf x is called a Kummer sheaf and if G = A),, then 2z? x is called an Artin- 

Schreier sheaf. If k is a held of odd order then the unique quadratic character G m (k) = k x —> Qi 
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is denoted — 1 . The trivial character G m (k) = k x —> is denoted 1 . A nontrivial character 

A 1 (k) ->• Q £ X is usually denoted by ip. 

If G is as above, if / : X —y G is a morphism of schemes, and if jSf is a sheaf on G then we set 
<£?(/) = f* . Sometimes the / is neglected in the notion of ,£?(/), especially if / is an obvious 
change of base. 

Consider the multiplication map 

x ■ x' : A 1 Xfc A 1 —y A 1 , (x, x') *->• x ■ x'. 

Then, for a closed point s of A 1 , the restriction of 2z?,/,(x ■ x') to s X& A 1 is denoted by A£^{s ■ x'). 

2 Convolution in characteristic p. 

2.1 Basic definitions. In this section k denotes either a finite or an algebraically closed field 
of characteristic p ^ l. Let us recall the definitions and basic results of [14], Section 2.5. For G a 
smooth /c-group, denote the multiplication map by n : G x G — y G. Let K and L be two objects of 
D^(G, Qi) and let K M L denote the external tensor product of K and L on G x G with respect to 
the two natural projections. Then one may form the \-convolution 

I< *, L := Rir\{K IE L) 


as well as the *- convolution 

K** L := Rtt^KML) 

with duality interchanging both types of convolution. Under the shearing transformation 

® t A x t , (x, 7/) l ^ (X, t X ~\~ I/), 

the above convolutions can be written as 


K *| L := Rpi-. 2 \(K EL), K ** L := Rpr 2jf (K E L), 

where the external tensor product is now formed with respect to the first projection pi^ : xA] 

A), and the difference map 


(5 A x x A t —y A [x, t) i— y y — t — x. 

An object K of Perv(G, Q^) has property & by definition if for any perverse sheaf L G 
Perv(G, Q^) the convolutions L =t=i K as well as L ** K are again perverse. If either K or L has the 
property A? then one can define the middle convolution of K and L as the image of L*\ K in L** K 
under the natural forget supports map 

(2.1) L * m id K := Im(L *\ K —y L ** K). 

It turns out that the middle convolution on the affine line admits a concrete description in terms 
of a variation of “parabolic” cohomology groups (given in Thm. 2.1.3 below, cf. [14], Cor. 2.8.5). 
We need two preparatory results: 
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2.1.1 Lemma. Let K be a perverse sheaf on Aj, which is geometrically irreducible and not geo¬ 
metrically translation invariant. Then K has the property 2?. 

Proof: One has to show that for any L G Perv(Aj[., Q^), the convolutions KL and K**L are again 
perverse. By [5], Cor. 2.9, the functors Rir\ and Rn* used in the formation of the 1-convolution and 
the ^-convolution, respectively, are both compatible with an arbitrary change of base S -y Spec ( k ). 
Hence by Rem. 1.2.1 we can reduce to the case where k = k in order to show that K *i L and K ** L 
are perverse. This case is proved in [14], Cor. 2.6.10. □ 

Using the previous result we obtain for each Kummer sheaf 22 x , associated to a nontrivial 
character y, a functor 

MC X : Perv(A[,,Q £ ) -x Perv(A^,Q f ), K H- K * mid L x , 


with L x = j*2zf x [l]. 

Let now S be any A;-variety, let / : X —y S be proper, let j : U —> X be an affine open immersion 
over S, let D = X \ U, and suppose that / \d : D —> S is affine. Suppose that K is an object in 
Per v(U,Q e ) such that both Rf\K and Rf*K are perverse. Then Prop. 2.7.2 of [14] states that 
Rf JjuK) is again perverse and that 

(2.2) RJJjuK) = Im (RfiK —> Rf,K). 

Let us take 

S = Aj, X = FlxA}, U = A 2 Xit , 

and let / = pr 2 : A^ t —X Aj, and / = pr 2 : P], x A] G A, 1 . Then Eq. (2.2) implies: 

2.1.2 Lemma. Let K G Perv(A 1 ,Q^) have property 2? and let L G Perv(A 1 ,Q^). Then K * mid L 
is a perverse sheaf with 

(2.3) K * mid L = Rpr 2 *{j\*{K IEI L)) with K El L = ph[ K <g> 6*L. 

2.1.3 Theorem. Let K G Perv(A[(, Q^) and L G Perv^A*, (Q^) be irreducible middle extensions 
which are not geometrically translation invariant. Then the following holds: 

(i) Let j : A' x A) ^ x A^ denote the natural inclusion. Then 

ju{K Kl L) = j*(K Kl L) and hence K * m i d L = Rpr^*U*(K ^ A)) • 

(ii) If K and L are tame at oo then there is a short exact sequence of perverse sheaves on Aj 

0 y H y R *\ L — y R ^ m i d A —^ 0, 

where H is the constant sheaf pr 2 *(j*(if Kl L) ooxA i) on Aj. 

Proof: Let k : U ^-y A*, resp. k : U' ^-y Aj, denote sufficiently small dense open subsets on which 
K, resp. L, can be written as k*F[ 1] and k[G[ 1], with F and G smooth and simple (i.e., irreducible). 
On V = o(U x U'), the exterior tensor product F[l] IXI G[l] = (FKI G)[2] (formed with respect to 
pr x and 6) is again irreducible. Let j' : V —y X := V U oo x A) denote the inclusion. Then the 
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intermediate extension j'*((F B G)[2]) is again a simple perverse sheaf and, by [15], Cor. 5.14, we 
have J'F d (j[*((F B G)[2]) = 0 for d < — 2 as well as 

(2.4) B G) [2]) = ji(F B G)[2]. 

Consider the stratification of X given by U- 2 = V and 00 x A). Then X = U— 1 is the union of 
strata S on which the autodual perversity p(S) = — dim(S') takes on the values < 1. Deligne’s 
formula for intermediate extensions with respect to the perversity p ([1], Prop. 2.1.11) then reads 

j'jF B G[ 2]) = r<_ 2 Rji(F B G[2]), 

where r<^ is the usual truncation of complexes (associated to the natural f-structure, [1]). Together 
with (2.4) this implies 

(2.5) i(F8G[2]) =J :(FBG[2]). 

This proves j\*(K ML) = j*(K B L) because X is an open neighbourhood of 00 x Aj and since the 
question is local. The equality K * mid L = i?pr 2 *(j*(iP B L)) follows from Lem. 2.1.2, finishing the 
proof of (i). 

The functor 7?pr 2 * applied to the rotated adjunction triangle 


i*i*j*(K B L)[- 1] ji(K B L) -> j*(K B L) 

gives rise to a distinguished triangle on A). The long exact cohomology sequence for this triangle 
reduces to a short exact sequence 

0 —> Ft —> K *! L — > K * m id L — > 0 

with H = pr 2 *(j*(K B L) ooxA i), proving (ii). □ 

2.1.4 Remark. The following properties follow immediately from or completely along the lines of 
[14]: 

(i) If F,K,L <E D^A 1 ,^) have all property & then 

F *mid (K * mid L) = (.F * mid K) * mid L , 

cf. [14], 2.6.5. 

(ii) For each nontrivial Kumrner sheaf 2z? x and for each K € Perv(A 1 ,Q^) having the property 

the following holds: 

MC x -i (MC X (/C)) = 

This follows from (i) using L x -1 * mid L x = <5o(—1) with L x = j*2z? x [ 1] and with Sq denoting 
the trivial sheaf supported at 0, cf. [14], Thm. 2.9.7. 
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2.2 Fourier transformation and convolution. In this section, we fix a finite field k = 

F q (q = p m ) and an additive -character ip of A 1 (F p ), inducing for all k G N an additive character 
F /g 

ipw qk =ip = ip° trace F * . 

By the discussion in Section 1.4 we have the associated Artin-Schreier sheaf on A),. Let 
A = Spec (fc[.x]) and A 7 = Spec (fc[.T 7 ]) be two copies of the affine line and let 

x ■ x' : A x A' — y G a ^, ( x, x') i->- x ■ x'. 

The two projections of A x A 7 to A and A' are denoted pr and pr 7 , respectively. Following Deligne 
and Laumon [16], we can form the Fourier transform as follows: 

^ = & : Dc(A, Qi) —» D b c (A',Q e ), I< > Rpr\ (pr *K ® ■ x')) [1], 

By exchanging the roles of A and A 7 , one obtains the Fourier transform 

^ : D^A 7 ,^) —► D*(A,Q<), I< > Rpp (pr'*Lf <g> • s')) W- 

Consider the automorphism a : A —y A, a H>• —a. By [16], Cor. 1.2.2.3 and Thm. 1.3.2.3, the Fourier 
transform is an equivalence of triangulated categories D^(A, Q^) —y D b (A'. Qg) and Perv(A, Q^) —y 
Perv(A 7 , (Q^) with quasi-inverse a*J^" 7 (—)(1). Especially, it maps simple objects to simple objects. 

2.2.1 Definition. Let Fourier(A, Q^) C Perv(A, Q e ) and Fourier(A 7 , Q^) C Perv(A 7 , (Q^) be the 
categories of simple middle extension sheaves on A^ and A 1 , (resp.) which are not geometrically 
isomorphic to a translated Artin-Schreier sheaf 2z?^(s ■ x) with s G k (cf. [16], (1.4.2)). We call the 
objects in Fourier(A, Q e ) irreducible Fourier sheaves. 

In [13], (7.3.6), the sheaves J^~ l (K) with K G Fourier(A,Q^) are called irreducible Fourier 
sheaves , justifying the nomenclature (up to a shift). By Thm. 1.4.2.1 and Thm. 1.4.3.2 in [16], the 
following holds: 

2.2.2 Proposition. (i) The functor FA induces a categorial equivalence from Fourier(A, Q^) to 
Fourier (A 7 , (Q^). 

(ii) If H = V <S> A?i,{s ■ x), (s G |A 1 1) with V constant, then is the punctual sheaf V s 

supported at s. 

(iii) If k is a finite field and if x is a nontrivial character of G m (k) then 

1 1 ] ® G(x, V 7 ) 

where G(x, ip) is the geometrically constant sheaf on A 7 on which the Frobenius acts via the 
Gauss sum 

9{xA) = - X(x)ip(x) 
x€k x 

(as a Frob q -module, G(x,ip) = Hp( A^ \ 0,2z? x ® (2z?</,| A i\ 0 ))). 



2.2.3 Remark. An irreducible perverse sheaf K £ Perv(A, Q^) has the property fF if and only 
if fF(R) is a middle extension (cf. [14], 2.10.3). Note that the trivial rank-one sheaf can be 
viewed as =5^,(0 • x'). It follows hence from by Lem. 2.1.1 that any object in Fourier(A, Q^) and in 
Fourier(A / , Q^) has the property fF. 

The relation of the Fourier transform to the convolution is expressed as follows ([16], Prop. 1.2.2.7): 

(2.6) *, K 2 ) = {&{K i) <g> &(K 2 ))[- 1] , and &{K X <g> K 2 )[- 1] = &(R{) *, &{K 2 ). 
Applying Fourier inversion to the first expression yields 

(2.7) K l *> K 2 = a*&\&{R{) 0 &{K 2 ))[- 1](1). 

2.2.4 Proposition. Let K,L £ Perv(A^,Q^) be tame middle extensions in Fourier (A, Q^). Sup¬ 
pose that for j : G rn A 1 the inclusion one has 

K) = j*F[ 1] € Fourier (A', Q e ) and fF(L) = j*G[l] € Fourier (A', Q e ) 

for smooth sheaves F, G on G m . Then the following holds: 

(i) 

fF{K * mid L)=U{F®G)[ 1]). 

(ii) if L = 1] is the perverse sheaf associated to a nontrivial Rummer sheaf T£ x and if K is 

not a translate of j*JF x - 1 [1], then ,F(R * m id L) is an object in Fourier (A', Q^). 

Proof: It follows from Thm. 2.1.3(h) that there is a short exact sequence of perverse sheaves 

0 — y H —^ K *\ L — y R ^‘ ^ 0 

with H a constant sheaf shifted by 1. The exactness of Fourier transform together with Prop. 2.2.2(h) 
and (2.6) give an exact sequence 

0 —y punctual sheaf, supported at 0 —y ,F(R L ) = (fF(R) 0 <F(L))[— 1] —y ,F(R * mid L ) —y 0. 
Hence, over G m , the restriction of the above sequence gives 

0 &{L))[- 1] = (F0 G)[l] = j*f?(R * mid L). 

It follows from [14], Cor. 2.6.17, and from Rem. 1.2.1 that R * m ;d L has again the property F? 
which implies that ,F(R * m jd L) is a middle extension by the remark following the definition of 
Fourier (A', Q^). Hence we obtain 

F{R * mid L) = j*((F 0 G)[l]), 

proving the first claim. The second claim is obvious since, under the given assumptions on R and 
L, the sheaf j*((F 0 G)[l]) is irreducible and not an Artin-Schreier sheaf. □ 

2.2.5 Corollary. Under the assumptions of Prop. 2.2.4: 

R * mid L = a* fF' (j*(F 0 G) [1])(1). 

Moreover, if L = j*2z? x [l] and if L is not a translate of j*F? x - i [1], then R * mid L £ Fourier(A, Q e ). 
Proof: This follows from Fourier inversion and from Prop. 2.2.2. □ 
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3 Local Fourier transform and local monodromy of the middle 
convolution. 

3.1 Local Fourier transform. As before, we fix a finite field k = F q (q = p m ) and an addi¬ 
tive -character if of A 1 (F p ). In the following we summarize Laumon’s construction of the local 
Fourier transform [16] and the stationary phase decomposition: 

Let T and T' be two henselian traits in equiconstant characteristic p with given uniformizers ^ r, 
resp. 7r / , having k as residue field. The generic points of T and T' are denoted i] and rf , respectively. 
The fundamental groups 7Ti (p,rj) — Gal(rj/rj) and tti (rf. rf) ~ Gal (yf/rf) are denoted G and G', 
respectively. 

The category of smooth (Q^-sheaves on p (which may be seen as the category of (^-representations 
of finite rank of G, cf. [16], Rem. 2.1.2.1) and is denoted . Similarly we define the category < S' of 
smooth sheaves on rf . For V £ ob&, denote by V\ the extension by zero to T, similarly for V' £ C S'. 
The subcategory of resp. formed by objects whose inertial slopes are in [0,1[ are denoted 
&[o,i[, resp. ( $L 1 r, cf. [16], Section 2.1. Recall that an object of Sf is tamely ramified if and only if it 
is pure of slope 0 (loc.cit., 2.1.4). If V (resp. V) is an object of C S (resp. of fS') then its extension 
by zero to T (resp. T') is denoted V\ (resp. Vf). 

One has the Q^-sheaves ^(tt/tt'), /tt) and ^(l/irir') on T x*, rf, p x T' and p x rf 

(resp.) and the respective extensions by zero to T x }. T' are denoted Jzf^^/V), ££’^(tt' /7r) and 
2§f^,(l/7T7r / ). For any V £ ob£f one may form the vanishing cycles 

R®n>( pr*F <g> «Sf^(7r/7r')), R<h,y(pr*V <g> ^^(n'/ it)), R® 7 y(pr*V <g> 2z?^(l/7rV)) 

as objects in D b c (T Xkp',Qe) with respect to pr' : Tx^T' —> T' ([2], (2.1.1)). These are concentrated 
at t x rf and in degree 1 ([16], Prop. 2.4.2.2) and give rise to three functors, called local Fourier 
transforms , 

0,oo') oo,0') jRoo,oo) . eg ) cry' 

defined by 

jR°,°°')(y) = ^^(pr*^ , 

^(°,oo')(y) = R^ v ,( w * Vl ®^(l/Tnr')) Ctt) , 

cf. [16], 2.4.2.3. Note that we have neither fixed T nor T’ so that the local Fourier transform may 
be formed with respect to any pair of henselian traits in equiconstant characteristic p having some 
finite field k as residue field. 

We will need the following properties of the local Fourier transform below: 

3.1.1 Theorem. (Laumon) 

(i) : <S -> &! 0il[ is an equivalence of categories quasi-inverse to a*^ r ^ oo '’ 0 \— )(1), where 

a : T —>• T is the automorphism defined hy 7r i—>- — tt and (1) denotes a Tate-twist. 
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(ii) IfW denotes an unramified G-module, then 


^ 0 ’°°'\W) = W, = W{- 1), ^ 00 ' 00 '\W) = 0. 

(iii) For a non-trivial Rummer sheaf JR X on G m = Spec (k[u, u^ 1 ]), denote V x , resp. V x the G- 
module JG x (tt) (resp. the G'-module JR x (ir')) on T (resp. T'), where tt : rj —> G m (resp; 
7 t' : rf —> G m ) is the morphism which maps n to u (resp. tt' to u). Then, for a geometrically 
constant rank-one object W as above, 

^ 0 ’ oo '\V x 0 W) = V), 0 W <g> G( X ,^), 

where G(x,iJ>) denotes the unramified G-module H) (G m j,, ,yF x 0 22^) whose Frobenius trace 
is the Gauss sum 


trace(Frobfc, G(x, ip)) = g(xA) = ~ 

aek x 

(iv) If the restriction of the representation V to the inertia subgroup I is unipotent indecomposable 

(resp. tame), then J?(0, oo')(V), resp. is unipotent and indecomposable (resp. 

tame) of the same rank. 

(v) The local Fourier transformation is compatible with tensor products with unramified 

G-modules. 

(vi) Let Tj = T ki with k\ a finite extension of k, let rg denote the generic point of T\ and 
let G i = Gal^j/r/i). Let f : Tj —> T denote the etale map given by the canonical projection. 
IfV is a tamely ramified irreducible G-module of the form V = Ind^ (V)), for Vj a rank-1 
module of G\ then the following holds: 

jr(0,oo')( F ) = i n dg i (^(°i-°°i)(y 1 )). 

Proof: The assertions (i)-(iii) are contained in [16] Thm. 2.4.3 and Prop. 2.5.3.1. Assertion (iv) is 
proven in [10], Lemma 5. Assertion (v) follows from [16], (3.1.5.6), cf. loc.cit. (3.5.3.1). Assertion 
(vi) follows from proper base change ([16], (2.5.2), cf. loc.cit. (3.5.3.1)). □ 

Let A, resp. A', denote two copies of the affine line over k (with k a perfect field as above) 
with parameters x, resp. x 1 , with origins 0, resp. Cf, and with points at infinity oo, resp. oo'. 
The product A x A' comes with its projections pr and pr' to A and A', respectively. Further, let 
a : A ^ D = P 1 , resp. a' : A' D', denote the inclusions into the underlying projective lines and 
let L£\p(x ■ x') = (ax a')\(Jif 1 p(x ■ x ')). Let pr (resp. pr') denote the canonical projections of D x^D 
to D, resp. D'. 

If s is a closed point of A (resp. A', D, D ') then G s denotes the Galois group of the generic point 
r/ x of the henselian trait A( s ) (resp. A'^, D( s p D 1 ^). Note that A( s ) has a canonical uniformizer n s 

and hence a finite etale /c-rnorphisrii A^ —>■ T (cf. [16] (3.4.1.1)): If s 0 k = U te Hom fc (fc(s) k) one 
takes 7r s to be n,(x — s L ) € k[x\ C && ( . 
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Let K £ Perv(A, Q^) and let K' = K) £ Perv(A', (Q^). Let j : U A (resp. j' : U' ^ A') 
denote the smoothness loci of K (resp. K') and let F = (resp. F' = (AT'| [//)). Let 

further S = A \ U. One may form the vanishing cycles 

R®r lao ,{W*( 0 ‘\K)®-2’(x-x , )[l]) £ obD b c (D Xk^^Qe) 

with respect to pf' : D ([16] (2.3.3), [2], (2.1.1)). The latter vanishing cycles are 

concentrated at S x rf U oo x y. rf and vanish outside degree —1 ([16], Prop. 2.3.3.2(i),(ii)). By the 
compatibility of the formation of vanishing cycles with higher direct images ([2], (2.1.7.1)) there 
exists an isomorphism of G^-modules, functorial in I\ £ Perv(A 1 ,Q£) (cf. [16], Prop. 2.3.3.1(iii)) 

(3.1) F^ r ~ ©Indg”' Qo , ®^(x ■ x')[l]) ( ^ } ) 

sgS s k °° 

0 i?_ 1 <J> W oo ' (W*(a\K) ®AF^(x ■ x')[l])(oo,oo') • 

We want to relate the individual terms in Eq. (3.1) to the local Fourier transform under the 
additional assumption that K = A [ I ]. where F\ denotes the extension by zero of F from U to A 1 
(recall that U is the locus of smoothness of K and F = ^ _ 1 (lL|(y)): 

Let us first assume that s £ S is equal to 0. By [16], Lem. 2.4.2.1, for any perverse sheaf 
K £ Perv(A, Q^) and any isomorphism n*K ~ V[[l] with ir : T —> A and it’ : rf —> r)^ defined by 
7 r i —^ x and if h > 1 /a/, respectively, there is an isomorphism in D^(T x& rf, Q^) 

(3.2) (i r x ir')*R$ VaD ,(pf*(a\K) tg> Jf(x ■ a/)[l]) ~ -R4y(pr*Vi <8> Jf^(ir/ir'))[2] . 

This implies an isomorphism of Goo'-modules 

(3.3) ((vr x (pf* (cqLQ • a/)[l ])) {0) ^ . 

Note that the condition n*K ~ V? [1] is equivalent to V = 7Tq F ri0 with 7 To : T —> A^, 7 r i— >• 0. If 
we take local Fourier transform with respect to the pair of henselian traits Aj^ and (cf. the 

remark following the definition of the local Fourier transform), then the isomorphism in Eq. (3.3) 
takes the following simple form: 

(3.4) R-^iW^caK) ®^(* ■ ^)[l]) ( o,^') ^ ^ (0,O °' ) (^ l0 ) ■ 

Let us now treat the case where s £ S is 7 ^ 0 : By the compatibility of the formation of vanishing 
cycles and (local) Fourier transform with base change to a finite extension field ([2], (2.1.7.2); 
[16], (2.5.2)), we obtain the same CL, x 00 -module i?~ 1 < L^ oo , (p Y* {a\K)®Ff ^{x-x')[l])(s ^') by carrying 
out the construction after a base change to k(s). Hence we can assume s £ A 1 (k). As remarked in 
[16], Preuve de 3.4.2, there is a canonical isomorphism ££{x- x') ~ A£{x — s ■ x') <g> 2 z?(,s • x') so that 

( 3 . 5 ) _ _ _ 

R 1 $ iw(P r *( a \K)®-&^{x-x')[l])^' ) i d> ?Joo/ (pr*(a ! /l)(g)«^ V) ((x-s)-x / )[l])(s,oo')- 

Let tt s : T —^ An,), ir i-> (x — s), and let 7 / : rf —>• rj^i, n' i-> 1/x'. Suppose that there is an 
isomorphism n*K ~ Vj[l]. If we take local Fourier transform with respect to the henselian traits 
A( s ) and s x Dj,, then (3.2) and (3.5) imply an isomorphism of G s = G SX oo'- m odules 

(3.6) fl - 1 ^ TO ,(pr*(ai*0 ®^^{x ■ x') [!])(*, 55 ') =* ^ ( 0 ’ oo ' ) (i^ s ) <g> Jf(s • x')^, . 
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Similarly, by [16], Lem. 2.4.2.1, one obtains an isomorphism 

(3.7) (pr*(a-iL,) • *')[!] )(oo,oo') ^ ^ (oo ’~V*J 

with 7T : T ~ 11(00), 7r i—^ 1/x, with it' : rf — ir' i—>• 1 /x y , under the assumption of an isomor¬ 
phism tt*K ~ V[l]. 

Summarizing, we obtain the principle of stationary phase (cf. [10], Tlnn. 3, and [13], Thm. 7.4.1, 
for the case k = k )): 

3.1.2 Theorem. (Laumon) Let K = j\F[ 1] with F a smooth sheaf on U = A \ S A- Aj[. Then 
there exists an isomorphism of Goo*-modules 

< 3 - 8 > F L' = © ® 3?^ ■ *%„,) © X<“’”'>(F,J. 

s£S 

3.1.3 Remark. (i) In the previous result, if T 1 is tamely ramified at oo, then J^ 00 ’ 00 ) = 0 

by [16], Thm. 2.4.3. 

(ii) In the above stationary phase decomposition of Ff , each direct summand 

I oo* 

is uniquely determined by the tensor and Jz?(s ■ x') Yl , by the following arguments: It suffices 
to show the claim for k = k, since then, geometric points lying over different points in S 
separate these points. If s = 0, then J£"(°>°°) (T^) has all slopes < 1 and if s / 0, then 
,<^hfoo)(F ri J <g> Ffp(s ■ a/)^, has all slopes equal to = 1 by [13], Thm. 7.4.1. Suppose that 
si,S 2 G A (k), si / S 2 , such that under si X& oo' — oo' — s 2 x*, 00 1 (k = k ) we have an 
isomorphism of Goo> = /^/-modules. 

-^(si • aOtw - ^( s 2 ■ x') Tloo ,. 


Then the formula 

Jf(si ■ x') g) »Sf(s2 • x') ~ Jf((s 1 + S2) • a/) 

([16], (1.1.3.2)) applied to the previous equation implies 

~ s 2) ' X )fj 00 , = {0.i)rj oo i- 

But since si — s 2 was assumed to be / 0, the slope of the left hand side is equal to 1 (cf. [16], 
Ex. 2.1.2.8). This implies a contradiction since the slope of the right hand side is obviously 
equal to 0. 

The following result constitutes a stationary phase decomposition for the intermediate extension 
j t F in the tame case and is proven in [13], Cor. 7.4.2, for k = k : 


13 



3.1.4 Corollary. Let K = j*F[ 1] G Fourier(A, Q^) be a middle extension of a smooth sheaf F 

j 

on U = A \ S A which is tamely ramified at S U oo and let F'[l] = fF(K). Then there is an 
isomorphism of Goo'-modules 


(3.9) 


F- 


© Ind 

s£S 




Proof: We recall the arguments of [13], Cor. 7.4.2: The short exact sequence 

0 —> j!-F[l] —> j*F[ 1] —> ^^0*F) S [1] —> 0 

s£S 


shows that in D^A^Q^) the extension by zero j\F[l] is represented by the complex j*F[ 1] —> 
0seS (j*F) s , which is a perverse sheaf, isomorphic to j*F[l] © (©sgsCA-^%). Taking Fourier trans¬ 
form gives a short exact sequence of sheaves on A' : 

0 ©P r A*(P r s( (J* F )s) ^(s ■ x'))[l} -> &{j\F) -> &{j*F) -> 0 

s£S 


with pr A / : A' x s —>• A' and pr s : A' x s -> s, cf. [16], (1.4.2). Restricting to G^r -representations 
and using Thm. 3.1.2 gives a short exact sequence 


0 -> 0Indg r ' loo ,(J=X;®^(».x')^,) -* © 

^SX UOO f ^ ^ ^ ^ 


^?oo / ^ 


Fd 


0, 




seS 


where fF is viewed as ( j*F) s via the specialization map. For each s G S, the image of the term 

Ind G “ > [ j _ 00 ,(Fd s (g)«S^(s-x , )^ oc/ ) in the middle direct sum coincides with the image of FF under local 
Fourier transform. Therefore, the claim follows from the exactness of local Fourier transform. □ 


3.1.5 Corollary. Let K G Fourier(A, Q^) be a middle extension of a smooth sheaf F on U A*,, 
tamely ramified at S U oo. Let JF( K ) = F'[l]. Write the stationary phase decomposition as 

(3.10) = ,K x% xl ). 

seS 

Then there is an isomorphism of G s -modules 

1 ), 

where the local Fourier transform is formed with respect to s x Df and Ai s \. 

Proof: This follows from local Fourier inversion and Rem. 3.1.3. □ 

We remark that in the last two results one may relax the assumption from tameness at S U oo 
to tameness at oo. 
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3.2 Local monodromy of the middle convolution with Kummer sheaves. Let T be a 

henselian trait with residue field k = ¥ q , with uniformizer n, generic point r). closed point t, and with 
fraction field K t . Then the tame quotient G l of the fundamental group G = GsMrj/r )) = 7 Ti ( 77 , 77 ) 
is a semidirect product of the procyclic tame inertia group P ~ Z(1 )(k) and the absolute Galois 
group Gal (k/k) of the residue field of T, cf. [16], Section 2.1. 

3.2.1 Remark. Let 2 z? x be a Kummer sheaf on G m ^ C A[, as defined in Section 1.4. Let for 
the moment T = and let us denote the restriction of £P X to the generic point p of T again 

by 2 z? x . Then 2 z? x corresponds to a character p x of the abelianization of G l = Z(1 )(k) x Ga\(k/k ) 
(the abelianization being isomorphic to the direct product of k x and Gal(k/k)). Then the very 
construction of 2z? x implies that ^(Frobfc) = 1 . 

For l e N>i let p = F q i, let p := T x*. p, with p having residue field p and generic point 77 /. 
Let G\ denote the tame quotient of G&firn/r]), semidirect product of P and Ga\(k/p), profinitely 
generated by Frob(,. 

Recall that any irreducible module of rank l of G t is of the form Ind^t((«Sf x )^- © F ) for y : 

kf —> Qi a character and for F an unramified character of Gj (this is essentially a consequence of 
Brauer’s theorem, cf. [16], (3.5.3.1)). 

By the theorem of Krull, Remak and Schmidt, any CF-module W decomposes into a direct sum 
of indecomposable summands Vi© - • - ©14, unique up to renumeration. In the following we suppose 
that each indecomposable summand V of W is of the form 

(3.11) V = / n <g> Ind Gii^x ® F ) 

with SP X a Kummer sheaf belonging to a character y : k x — > Q^, with F an unramified Gal(Aq/fci)- 
module of rank 1 , and with some indecomposable G*-module of rank n on which the group 
P acts unipotently and such that the operation of Frob*, on the 7*-eigenspace is trivial. Note J! n 
is not uniquely determined by the latter two conditions but, due to the theory of Jordan normal 
forms, the associated monodromy filtrations, as defined below, behave similarly ([ 6 ], (1.6.7.1)). So 
cJ n stands for a class of representations rather than a unique representation. 

Consider the monodromy filtration on a CF-module V, associated to the logarithm of the 
unipotent part of the inertial local monodromy ([ 6 ], (1.6), (1.7.8); [12], (4.7.4)). It is an as¬ 
cending filtration M of V, indexed by i G Z, which satisfies iV(Mj(K)) C Mj_ 2 (K)(—1) and 
N r : Gr f* (V) ^4 Gr_j(K)(—i). Consequently, 

(3.12) 

n —1 7i—l 

Gr M ( c /n) = 0 Q e(-j) and hence Gr M ( t / n © Indg ; («Sf x <g> F)) = 0 Indg ( (JP X © F))(-j). 
j =0 l=o 

3.2.2 Theorem. Let k be a finite field. Let F be a smooth Q ( -sheaf on A \ S A- A 1 , tamely 
ramified at S U 00 , such that K = j*(-F)[l] € Fourier (A, Q^). Let L£ x be a nontrivial Kummer sheaf 
and suppose that F is not a translate of the Kummer sheaf Jz? x -i. For fixed s € S, write G l = G* 
and assume that 

F ns/ F l: = © a ® ki 4 (* X i ® 

i 

is as in (3.11). Then MC x (iF) is a middle extension sheaf of the form j*i7[l] with H smooth on 
A 1 \ S and such Fl^jFfP = 0 - Hi, where Hi is as follows: 
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(i) If Xi 7^ X M, then 

Hi = (</«* ® Ind % v (XX*(-1) ® ® ^(X - 1 xr 1 > V») ® G(x, V’) ® G(x*> VO ® *i(l))) , 

where xXi(~ 1) stands for the geometrically constant rank-one G t -module whose Frobenius 
trace is xXi(~ !)• 

(ii) If Xi = 1) then = G and 

Hi = f ni <g )^ x ®Fi. 

(iii) Of Xi = X -1 ) then Gi { = G and 


Hi = X( — 1 ) ® (,/ni ® i^i) , 

where x(—1) stands for the geometrically constant rank-one G t -module whose Frobenius trace 

is x(~!)• 

3.2.3 Remark. (i) For k an algebraically closed field this is proven in [14], Cor. 3.3.6. For its 
proof use similar arguments, further refined by the results in Thm. 3.1.1. 

(ii) Note that for any nontrivial x, the Frobenius trace of G(x, VO is given by the (negative of the) 
Gauss sum g ( X , VO = ~Ylaek x x{ a )^k{o) (Thm. 3.1.1). Under the assumption Xi 7 ^ X" 1 )!’ 
one has the well known relation 

J (Xi Xi) = - g(x / )g(x ;: V0 = —(xxi)(-mx-\7\^)9(x^)g(xi^), 

9\XXi,w) Q 

where J{x,Xi ) : = J2 a & q xO)x»(l-a) and where we used g(x, VOiKx -1 , VO = x(~l)/<?, cf. [4]. 
Therefore (in Thm. 3.2.2 (i)) the trace of Frob i; on xXi( — 1) ® G^x ^Xj 1 1 VO ® G(x, VO <S> 
G(xi, VO is equal to —q li J{XiXi)- Since q li is eliminated by the Tate twist, this implies that 
the trace of Frob j on 

q i 

XXi(-l) ® &x ® &\i ® ^(x-'xr 1 ^) ® G (x, "0) ® G(xi, VO ® T)(l) 

is given by -J{x,Xi ) ' trace(Frob gii , F;). 

Proof: Write &{K) = j'F'[ 1] G Fourier(A / , Q^) for F' the restriction of .fF(K) to f : G' m A' 
and let 

^(j'^ x [l\) =jl(3f , x -1 ® G(x, V , ))[l] = e Fourier (A', <Qh). 

By Prop. 2.2.4 

&(MC X (K)) = M(F' ® R')[l]) ^ MC X (/T) = a*^(j*((F' ® if')[l]))(l). 

Note that by our assumption on F, the sheaf j*((F' ® hF)[l]) is a Fourier sheaf which implies that 
MC x (iF) is again in Fourier (A, Q^). Therefore Cor. 3.1.5 and Thm. 3.1.1 imply that 

(3.13) HnjHl‘ = a*^ (oo '’°i ® J? x ® G(x,V0) ( 1 ), 
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where we write Jz? x instead of («Sf x )^ 1 / (resp. G(x,V’) instead of G(x, ip)rj s ) and where 


(3-14) = ©/ n ,® Indg (i (if Xl ® Fi). 

i 

We want to analyze the contribution of the summands J? ni ®Indg ; (Jz? Xi (g>F)) of (3.14) to (3.13): 

Assume first that Xi 1- It follows from the effect of the local Fourier transformation on 

tame representations of G, summarized in Thm. 3.1.1, that 

jr(0,oo')(^ <g, Ind ®Fi)) = f ni ® Indg («S? Xi <g> G(x», ^)®Fi). 

1 L i 

Hence, with 

Hi := <g> Indg: (jgf Xi <g> F))) <8> JS? X ® G(x, A) (1) 

we obtain from the projection formula 

H = a* A 00 '’ 0 ) (Vm <8> Indg: (Sf Xi 0 G( Xi , A ® ® -S? x ® G( X , VO)) (1) 

= a * (,/n; ® Ind G'. (-A® G '(x^ 1 xr 1 ,V0 ® G(x,V0 ® G(xi,i/j) ® F))) (1), 

where in the latter equality, the «£f x and G(x, VO denote their respective restrictions to G; t . Note also 
that, via the trace function of Kunnner sheaves (cf. Section 1.4), the effect of a* on the associated 
Frobenius trace in the above formula for Hfj s /H^ s amounts to a multiplication with X j X (—1), giving 
the expression in the theorem. 

If Xi = 1) then Gi { = G and Thm. 3.1.1 implies that 

& { 0 ’ oo 'Hj r n i ®F i ) = jr ni ®F i . 

Hence, with 

Hi := a *jA 00, ’°) (^ (0 ’ oo ' ) ( t /n i ® Fi) ®J? X ® G( X ,VO) (1) 

we obtain from Thm. 3.1.1 

H t = a*^°°' fi \j? ni ®J? x ®G{xA)®Fi)){ 1) 

= a*{/ ni ®^f x ® G(x -1 ,V0 ®G(x>V0 ®Fi(l)) 

(3.15) = f ni ®££ x ®Fi, 

where we used X = x” 1 and G(x, VO ® G(x _1 , VO = x( — 1) ® Q^—1). 

If Xi = X -1 , then Gi t = G and with 

H % := a* A 00 '’ 0 ) (^ (0 ’ oo ' ) (An i ® -A- 1 ® *i) ® ® G'(xA)) (1) 

we obtain 

Hi = a^(»'°) (A ®if rl ®G( X - 1 I ^)®if x 0G(x^)®F i )) (1) 

= x( — i) (Ai ® ^i) ■ 

□ 
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4 The determinant of the etale middle convolution. 


4.1 Local epsilon factors, local Fourier transform, and Frobenius determinants. As 

in the previous sections, we fix a finite field k = ¥ q (q = p m ) and an additive -character if of 
A 1 (F p ). Recall the theory of local epsilon factors from [16], Section 3, for X a connected smooth 
projective curve over k : The L-function of K £ T) b c (X, Q^) is defined as 

L(X,K,t.) - d t n _ t de gx . Fl . oh K )' 

By the work of Grothendieck, this L-function is the product expansion of 

det(l — t.Frobg, RT(A <S>k k, K))~ l 
and it satisfies the following functional equation: 

(4.1) L(X, K-t ) = e(X, K) ■ t a{X ' K) ■ L(X, D{K)), 

where D(K ) denotes the Verdier dual of K and where a(X, K) and e(X, K) are defined as follows: 
a(X,K) = — x(X, K) (Euler characteristic as defined in loc.cit., Section 0.8) 

(4.2) e(X, K) = det(— Frobq, RT{X^ K))~ l , 

By the results of Deligne [3] there is a unique map e which, depending on a fixed character 
as above, associates to a triple (T,K,u) ( T a henselian trait, K £ D b c (T,Qi), u> a nontrivial 
meromorphic 1-form on T) a local epsilon constant e(T, K , u) G Q f x such that the following axioms 
hold (cf. [16] Thm. (3.1.5.4)): 

4.1.1 Proposition. (i) The association (T. K. u) >-)• e(T,K, u) depends only on the isomor¬ 
phism class of the triple (T,K,u). 

(ii) For any distinguished triangle K' —>• K —> I\" —> K'[ 1] in D^(T,Q^) one has 

(4.3) e(T, K, uj) = e(T,K',uj) ■ e(T,K",u). 

(iii) If K is supported on the closed point t of T then 

(4.4) e(T, K, u) = det(—Frobt, K)~ l . 

(iv) Ifp denotes the generic point ofT, ifpi/rj is a finite separable extension of q and if f : Xj —> T 

denotes the normalization of T inside rj i, then for any K\ £ D^(Ti,Q^) such that r{K\) = 0 

(cf. Section 1.3J one has 

(4.5) e(T,f.K lt u) = e(Ti, K u f*u;). 

(v) If V denotes a rank-one local system on rj corresponding to a character p : Kf —> via 

reciprocity and if j : p ^ T denotes the obvious inclusion, then e(T, j. t V, co) coincides with 

Tate’s local constant associated to p (cf. [16], (3.1.3.2)). 
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If x is a closed point of X , then Xr x \ denotes the Henselization of X with at x (cf. [16], Sec¬ 
tion 0.4). By the work of Laumon ([16], Thm. 3.2.1.1), the epsilon constant decomposes into a 
product of local epsilon factors, depending on a nontrivial meromorphic differential 1-form oj on X, 
as follows: 

(4-6) e(X,K)=q c ^ x ^ k ^ JJ e(X (x) , K\X (x) ,oj\x m ), 

xe\x\ 

where C denotes the cardinality of connected components of X x k and where g(X) is the genus of 
some component of X x k. The additional properties of the local epsilon constants which we will 
need below are collected as follows: 

4.1.2 Proposition. (i) As a special case of Eq. (4.6), let U A- be a dense open subscheme 
with S = P 1 \ U and let F be a smooth sheaf on U of rank r > 0 which is smooth at oo. For 
s £ |X| and ojq = ~dx (with x denoting the affine coordinate of A 1 C P 1 ^ we define 


e o (X( s ), F Vs , c*; 0 |x (s) ) := e(X( s ),j!(F|^),a;o|.Y (s) ) 
with j denoting the inclusion of p s into Xr s y Then [16], Thm. 3.3.1.2, states that 

(4.7) det(—Frobg, RT C (U <g ) k k,F))~ 1 ■ q r • det(-Frob 00 , F m ) = ]^[ e 0 (X (s) , F\ Vs ,u 0 \x la) ) ■ 

sGS 


(ii) If 


0 ^ V' V -)• V" 0 


is a short exact sequence of G-modules then 


(4.8) 


e 0 (T, V, u) = e 0 (T, V 1 , oj) • e 0 (T, V", oj). 


(iii) Let K t denote the completion of the function field of the generic point g of T and let : 
Kf —> Z its natural valuation. By [16], 3.1.5.6, if K £ D^(T, <Q^) and if F is a smooth sheaf 
on T then 

(4.9) e(T, K ®F,oj) = e(T, K, oj) • det(Frob t , F) a(T ’ A », 
where a(T,K,uj) is defined as follows (cf. [16], (3.1.5.1), (3.1.5.2)): 

a(T , K,oj) = r(Kr[) + s(Krf) - r(K T ) + r(Kjj)u t (oj), 

where s(K^) is the Swan conductor of Krj (which vanishes if and only if is tame, cf. [16], 

(2.1.4)) and where v t (a ■ db) = v t (a) for a ■ db £ f lf Kt \ 0 and v t (b) = 1 . 

(iv) Let k\ be a finite extension of k. Let V be an irreducible G-module of the form f*V\ with 
f : T\ = T (g>fc k\ —> T and with V\ tame. Let G 1 = Gal (fj/ r li ) where rj 1 denotes the generic 
point of T\. Then 

(4.10) e 0 (T, V, dn) = e 0 (Ti, Vi, dni), 
where is a uniformizer of T\ induced by 1 r, cf. [16], 3.5.3.1. 
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(v) If the character x Is nontrivial, then j\I£ x = j*«S? x . Hence if K = j*J£ x then 

(4.11) e{T,K,dn ) = e 0 (T, «S? X , dvr) = -x(-l)s(x,VO 

with g(x,ip) th e Gauss sum occurring in Prop. 2 . 2.2 ([16], (3.5.3.1)). If x is trivial then also 
e 0 {T,^ x ,dn) = -1 = -x(-l)ff(x,^) ( loc ■ cit -)- 

(vi) For a € k(i y) x one has 

e(T, K, aw) = X K(a)q r ^^e(T, K, w) 

where xk '■ Kf —> Q £ x is the character induced by the smooth sheaf det(K v ) via reciprocity. 

(vii) The behaviour of local epsilon constants under Tate twists is given as follows: 


—ma(X (x ),K\ x , ,Mx, >) 

'-( x (x), K (™)\x lx) ,w\x w ) = q x “ * e(X {: 


x)> K\x {m) i^\x^, 


where K(m ) denotes the m-th Tate twist of K and where q x = q de &( x ). Especially, for a smooth 
sheaf F on T , 

e 0 (T,F(m),uj) = q~ m e 0 (T,F,uj). 


4.1.3 Proposition. Suppose that V is a tame indecomposable G-module (G being the Galois 
group of the generic point of a henselian trait T which uniformizer it as above) which, in the 
notation of Eq. (3.11), can be written as 

(4.12) V = Indg, (2Sf x <g> F). 

Then 

eo(T,V,d7T) = g n ( n-1 )/ 2 (—x(—l)g(x, V’) det(Frobfc ; , F)) n . 

Proof: By Eq. (3.12), 

n— 1 

Gr M (P) = ®Indg ^ x ®F){-j). 

3=0 

Therefore Prop. 4.1.2 (ii) implies that 

n— 1 

(4.13) e 0 (T, V, dir) = J] e 0 (T, Indg ; (^ x ® F)(-j), dir). 

3=0 

Therefore, 

77,-1 

(4.14) e 0 (T,V,dir) = J] q*e 0 (T, Indg ; ( 2 zf x 0 F), dir) 

3=0 

(4.15) = q^ n - 1)/2 e 0 (T,^ x ®F,d7r) n 

(4.16) = g n ( n-1 )/ 2 (—%(—l)p(x, ip) det(Frobfc ; , F)) n , 

where Eq. (4.14) follows from Prop. 4.1.2(iii) and (vii), where Eq. (4.15) follows from Prop. 4.1.2(iv), 
and where Eq. (4.16) follows from Prop. 4.1.2(iii),(v). □ 
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4.2 The determinant of the middle convolution. Let k = F q (q = p a , a £ N>o), let 

U *—)■ Aj, be a dense open subscheme, and let S = A\\U. Let ^ be a nontrivial additive character 
as before, inducing additive characters ip of F p a (a £ N>o) via the composition of if: with the trace 
¥ q —> F p . In the following, we assume that the sheaves under consideration satisfy the following 
condition with respect to x '■ 


4.2.1 Definition. Let V = j*F[ 1] £ Fourier (A 1 , Q^) be an irreducible middle extension sheaf, 
where F is a smooth sheaf of rank r(F) on U which is tamely ramified in S U oo. We assume that 
F has scalar inertial local monodromy at oo, whose restriction to the tame inertia group is given 
by the Kummer sheaf associated to a character x '■ k x —> (cf. Section 1.4 and Rem. 3.2.1). We 
assume further that F is not isomorphic to a translated Kummer sheaf of the form 2 z?^-i (y — x ), 
where x denotes the coordinate of A 1 and y £ A 1 (A:). Under these assumptions, we say that V, 
resp. F, is in standard situation w.r. to x- We remark that if V = j*F[l], resp. F, is in standard 
situation w.r. to y, then MC X (U) is in standard situation w.r. to x -1 . 

For each s £ S, let the local monodromy of F at s (in the notation of Section 3.2) be given as 

Ft) s = fn la ® p ® Fi a ) ■ 


Let in the following ujq = —dx, viewed as a meromorphic differential on P 1 . 

4.2.2 Theorem. Suppose that F is a smooth sheaf of rank r(F) on U which is tamely ramified 
in S U oo which is in standard situation w.r. to x- For y £ A 1 (k), let U y = U \ y and let H = 
F\u y <S> — x )\u y - bet d = dim(H^(U y (£>& k,H)), and suppose that y £ A X (A:) \ S. Then the 

following holds: 

det(FYob q ,Hl{U y ® k k,H)) = det(Froboo, F y J~ l q~ r ^ J] e 0 (P[ a) , H^oIp^), 

sGSUy 


where 

€ ° (^(y) ! H *iy >) = (-l-) d ■ g{xA) d • det(Frob g ,Fp) 

and where for s £ S, 

e 0 (Fl s) ,H ys ,u 0 \ vU ) = JJ ^ s(nis_1)/2 • [-giXisA) ■ det(Frob fcj . s , F is <g> ^ ■ 

is 

Proof: The second cohomology Hf. ( U y (g)k k,H) vanishes because the nontrivial scalar local mon¬ 
odromy of H at y implies the lack of nontrivial coinvariants. Hence with the conventions of 
Section 1.3 we obtain 

det(Frob 9 , RT c (U y k,H )) = det(Frob q ,H^.(U y k,H))~ l . 

Note that H is smooth at oo by assumption and that 

det(-Frob 00 ,Fp oo ) = det(-Frob 00 , H m ) 
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since det(Froboo, (jS^)jj ) = 1. It follows hence from Prop. 4.1.2(i) that 
(4.17) ' ~ 

det(Frob q ,H^(U y ® k k,H )) = (-l) d q~ A{F} det(-Froboo, F ^) -1 JJ e(P[ s) , H^, cjoIp^) , 

s€SU{j/,oo} 

implying the first equation. The second equation is implied by Prop. 4.1.2(ii),(iii),(v) and (vi). The 
third equation follows again from Prop. 4.1.2(h),(iii),(v),(vi), using Prop. 4.1.3. □ 

4.2.3 Corollary. Under the above assumptions, 
det(Frob g , MC X (F)^) = det(Frob ? , H x c (U y 0 *. k , H)) ■ 

[] [] (_l)de g (^)-i d et(Frob s , F ls 0 (J? x ) w ) 

s£S Uoo i s gN s.t. Xi 3 = 1 

with det(Frob q ,H^(U y k,H)) determined by Thm. 4.2.2. 

Proof: Note that for \i a = 1 we can assume li s = 1. It follows hence from the assumptions on 
F and from Lemma 2.1.2 that the usual long exact sequence of cohomology groups with compact 
supports with coefficients in H gives the following short exact sequence of Gal(A;/A;)-modules 

0 0 Ind-!^ ( F is 0 (Jf x h) -»■ Hi (I U y 0 fc k, H) -> MC X (F) F -»■ 0 , 

sGSUoo;isGN, Xi s — 1 

proving the claim by the usual properties of the Ind-functor. □ 

4.2.4 Theorem. Let k = F 9 , be a Suite field of odd order, let U A) be a dense open subscheme, 
and let S = A 1 \ U. Let V = j*F[ 1] G Fourier (A 1 , Q^) be an irreducible nonconstant tame middle 
extension sheaf which is not a translate of a quadratic Kummer sheaf. Assume that V satisfies the 
the following conditions: 

(i) The local geometric monodromy of F at oo is scalar, given by the quadratic character —1 : 
k x —>• but F is not geometrically isomorphic to 

(ii) The P s -module Gr M (F Yls ) is self-dual for all s G S. 

(iii) For any y G |A^| there exists an integer m such that det(Frob y , ( j*F)y) = ±q m . 

Then MC_i(P) = j*G[ 1] G Fourier (A 1 , Q^) with G =: MC_i(F) smooth on U and MC_i(F) again 
satisfies the respective conditions (i)-(iii). 

Proof: The effect of MC X on the geometric local monodromy ([14], Thm. 3.3.5 and Cor. 3.3.6; 
cf. Thm. 3.2.2) implies (i), (ii). 

We first prove that (iii) holds for G and y £ S : We can assume that y G U(F q ) since the 
conditions are invariant under base change to a finite extension field of k = F g and since the 
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formation of MC X commutes with base change to a finite extension field. According to Cor. 4.2.3 
one has 

det(Frob g , MC_i(V)y) = det(Frob g , Hl(U y (g)*, k, H)) ■ 

n ( 1 ) < leg( s ) i det(Frob s , F is <g> (Sf x )j) 

sGS;i a G N, s.t. \% s — 1 

The equality 



H ( i) de s( s ) i det(Frob s , F is ® (jgf x )y) = ± JJ det(Frob s , (F <g> 2 S? X )*) 


s.t. Xi s = 1 




together with the assumption (iii) for F imply hence that it suffices to prove that there exists an 
mG N with det(Frob g , H^(U y <g>k k, H )) = ±q m . By Thm. 4.2.2, there exists an mi € N with 


det(Frob g , H](U y k, H)) 


±q mi det(—Froboo, F m )g(-1, i^) d det(Frob g , F y ) 


-l 


[7 g(Xis,^)de t(Frob fci . , F is <g> (Jf-i)s 


i i,s£S; 


l,^) d \ II g(Xu,'*l>) ) det(-Froboo,Foo) 

y i,seS; Xi s + 1 


det(Frob 9 , Fy) n det(Frob fc( . , F is <g (_2?_i) ir ) r 


i i.sGS 


The term n* S es det(Frobfc ; , Fj s <S> (2z?_i )j) nis evaluates to a power of q up to a sign by assump¬ 
tion (iii) and Cebotarevs density theorem. It follows from Condition (ii), the Gauss sum formula 
giXisi ^)' giXi^ t V’) = Xi s ( — 1)f and from the product relation for the monodromy matrices (which 
implies that there exists an even number d of characters —1 :/*—>■ when summed over all local 
monodromies) that there exists m 2 G N with 

(4.18) *(-l,*W If 9{Xis,m =M m2 - 

Vi.seS; Xi s 7^1 / 


This implies that there exists an m 3 G N with det(Frob g , H\(U y ®kk, H )) = ±g m3 . By the arguments 
from the beginning, this implies the existence of an m .4 G N with det(Frob g , MC-i(F)j) = Fq m4 if 
y£S. 

Let now y = s G S (note that this implies U y = U). It follows from what was proved for 
y G |A 1 1 \ S and from Cebotarev’s density theorem that det(Frob s , (MC x )^ s ) is a power of q, up 
to a sign. It follows from Thm. 3.2.2 (iii) that the Frobenius determinant on the vanishing cycles 
HjjjHl 3 (where MC X (C) = j*H[ 1] with H smooth on A 1 \ S) is, up to a sign, a power of q. This 
implies that det(Frob s , MC x (L)j) = ±q k for some k G Z. □ 
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4.3 Arithmetic middle convolution. It is the aim of this section, which is basically a refor¬ 
mulation of [14], Chap. 4, to define an arithmetic version of the middle convolution which allows 
an application of the previous results to more general schemes. 

Recall that a scheme is called good if it admits a map of finite type to a scheme T which is 
regular of dimension at most one. For good schemes X and t a fixed prime number, invertible in 
X , one has the triangulated category D^X, Q^) , which admits the full Grothendieck formalism 
of the six operations ([ 6 ], [11]). Let R be a normal noetherian integral domain in which our fixed 
prime £ is invertible such that Spec (R) is a good scheme. Let = Spec (R[x]) and let D denote 
the divisor defined by the vanishing of a rnonic polynomial D(x ) £ R[x\. One says that an object 
K £ D^A^Q,) is adapted to the stratification (A 1 \ D,D) if each of its cohomology sheaves is 
smooth when restricted either to A^ \ D or to D ([14], (4.1.2), [11], (3.0)). 

4.3.1 Proposition. Let S be an irreducible noetherian scheme, X/S smooth, and D in X a smooth 
S-divisor. For F smooth on X \ D and tame along D, and for j : X \ D —>• X and i : D —>• X the 
inclusions, the following holds: 

(i) formation of j*F and of Rj*F on X commutes with arbitrary change of base on S, 

(ii) the sheaf i*j*F on D is smooth, and formation of i*j*F on D commutes with arbitrary change 
of base on S. 

Proof: [14], Lem. 4.3.8. □ 

4.3.2 Definition. LetConv(A 1 > Q ()r,d denote the category formed by the objects K in D^(A^, (Q^) 
of the form j*F[ 1] with F smooth on A r\D such that the following holds: on each geometric fiber 
A) (with k an algebraically closed field and R k a ring homomorphism) the restriction of F 
to A), is tame, irreducible and nontrivial on A}, \ Dk■ Let Conv(A 1 , Qg)n denote the category of 
sheaves F on A) { for which there exists a D such that F £ Conv(A 1 , Qg)R t D- 

By the previous result, each K £ Conv(A 1 , Qc)d,r is adapted to the stratification (A 1 \ D,D). 
Moreover, the restriction of K £ Conv(A 1 , Qg)n to each geometric fiber Aj, is a middle extension 
of an irreducible smooth sheaf and is hence perverse (cf. Section 1.2). 


4.3.3 Remark. Let N be a natural number > 1 and let R be as above such that R contains a 
primitive IV-th root of unity and such that N is invertible in R. Consider the etale cover / : G m: R —> 
G m ^R, x i—>• x N , with automorphism group /yy and let x '■ Hn —> Qg be a character. The latter 
data define a smooth sheaf 2 z? x on G mi R, by pushing out the so obtained /jjv torsor by y _1 . Then 
on each F^-fibre, the restriction 2 z? x |c mF(? is obtained by the same procedure by first considering 
fw q ■ G’ m y q —)• G mJq , x i->- x N , with automorphism group gw and by taking the same character 
X : pm -4 Qg . It is then a tautology that if N divides q — 1 then this sheaf coincides with the 
Kummer sheaf obtained from composing the homomorphism with pn ^ QA Note that 

for N = 2 and the natural embedding of p -2 into one obtains a lisse sheaf 2 z?_i on G m ^\i/N] f° r 
any even N. 
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Let j : A* x Aj <—>■ x Aj denote the inclusion and let pr 2 : P* x Aj —> Aj be the second 
projection. Following [14], for a nontrivial character x as above, define the middle convolution of 
K £ Conv(A 1 , Q()r with j' «£? x [l] (where f denotes the inclusion of G m into A 1 ) as follows: 

(4.19) MC X (K) = R l WiMv^KMj'^ x {t - x)[l]), 

where A£ x {t — x) denotes the pullback of 2 zf x along the map t — x. 

4.3.4 Theorem. For K £ Com^A 1 , Qv)r,d with I\ c/k j( 2 z ? x -1 [1], the middle convolution MC X (K) 
is again an object of Conv(A 1 , Q^)r,_d. Moreover, on each geometric fiber Aj, one has 

MC x (A0Ui = K\ K * mid 1])| A 1, 

where the middle convolution * m ; d on the right hand side is as in ( 2 . 1 ). 

Proof: The second claim follows from Thm. 2.1.3. Let U = A 2 \pr]( 1 (F)) U5” 1 (0) and let j 1 : U —> 
W = oo x A 1 U U. Note that j' is an affine embedding and that the divisor oo x A 1 is a smooth 
Aj-divisor. It follows stalk-by-stalk that 

j* (pr lKMjl3? x (t - x)[l]) |oox A i = j'* ((pr lKmjjSf x (t - x)[l])|t/) |oo XA i. 

It follows from Prop. 4.3.1, applied to the right hand side if the latter equation that j*prj[A' IEI 
jjJ£ x {t — x)[l]| ooxA i is smooth. Let S = Aj \ D (where D is the divisor defined by the same 
equation but now on Aj) let V = pr 2 1 (S) and consider 

7r = pr 2 1 v '■ V —>• S. 

Note that D' = prj” 1 (F) U d> _1 (0) n V is a smooth S divisor and that since 

j* (pr \KMj'^ x (t - x)[l]) |oox A i 

is smooth, the restriction j* (pr^A' E jjJz? x (t — x)[l]) y is adapted to the stratification (' V\D', D'). 
Hence MC X (AT) is smooth on Aj \ D. It remains to show that MC X (AT) is smooth on every s £ D. 
But this follows from 

MC x (AT)| a i = AT| a i * mid C?:JSf x [l])| A x, 

by looking at geometric stalks and an application of the formula the rank and for local monodromy 
which holds uniformly for any geometric fiber ([14], 3.3.6). □ 

In view of the previous result, the follow definition makes sense: 


4.3.5 Definition. Let R, D, and x be as above. Let G be a constructible Qysheaf on A^ such 
that G[l] £ Conv(A 1 , Q^)_r,d- Then the middle convolution of G with respect to x is defined as 

(4.20) MC X (G) = MC X (G[1])[-1] = t ^- 1 (MC x (G[l])) £ Conv(A 1 ,® e ) R , D . 

For F a smooth sheaf on A^ \ D define, using the previous notation with G = j*F, 

(4.21) MC X (F) = MC x (i,F)| A ^ D £ Lisse(A^ \ D,Q e ). 


4.3.6 Proposition. 


MC x (j*F)= j*MC x (F). 


Proof: The middle convolution MC x (j*F[l]) is a middle extension since this holds on each geo¬ 
metric fibre by Cor. 2.2.5. □ 
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